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Fix a projective variety V (defined over an algebraically closed field K). Let 
TV be the tangent sheaf (or tangent bundle) of V. In the celebrated paper [12] 
Mori proved that if V is smooth and TV is ample, then I/G P” (a result conjec- 
tured by Hartshorne). What happens if V is singular? If char(K) > 0, there are 
many examples of singular V with TV locally free ([lo]), while if char(K) = 0 
the non-existence of such examples is called “Zariski-Lipman conjecture” (see 
[lo], [7] and the references therein). The aim of this paper is to show that if 
char(K) > 0 there are singular varieties X with TX locally free and ample. Many 
names could be connected with the class of all varieties with tangent sheaf local- 
ly free and ample (Zaris ki, Lipman, Hartshorne, Mori,. . .). For purposes of this 
paper, let us say that a projective variety is ample if its tangent sheaf is an ample 
vector bundle. 
In the first section we prove the existence of at least two classes of ample 
varieties (and give their explicit equations). This section is divided into three 
parts, the first and the third one of them describing a class of ample varieties. 
The first part is called (1.1); it contains (for every K with char(K) =p> 0) the 
classification of all plane curves, C, with TCGO~(I) and such that TC is a 
subbundle of TP2 ) C (see Theorem 1.2.1). We knew the examples in (1 .I) 
when we wrote the first version of [3], but the proof (and even the concept) of 
the classification was much influenced by the nice paper [4]. In the second part 
we give examples of singular plane curves, C, with TCE O,(x) for some x> 3 - 
deg(C) and with TC a subbundle of (TP2) 1 C. In the third part of Section 1 
(i.e. in (1.3)) we assume that char(K) = 2 and prove that for every even n there 
is an ample variety of dimension n. Indeed we prove that the “general” 
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example given in [3] has ample tangent bundle; these examples are hypersur- 
faces in P”+‘; see eq. (5) for their equations. By the construction in [3] (or see 
here in (1.3)) it was obvious that the tangent sheaf of any such example, X, was 
locally free, spanned by its global sections, a subbundle of TP”+’ 1 X with 
O,(2) as quotient, and the restriction of a vector bundle N on P”+’ (a so- 
called null-correlation bundle); N is not ample, but almost; essentially it is 
ample except for the presence of certain “jumping” lines. All this is proved in 
(1.2). At the time of writing [3], we did not know the ampleness of TX for many 
such X. None of these examples are normal. 
The leit-motiv of the second (and last) section is that global properties of 
positivity of TX (e.g. ampleness, triviality or being spanned) impose very 
stringent conditions on normal varieties. In this section we consider only the 
case of a normal projective surface S. Theorem 2.1 says that there is a unique 
singular normal ample surface: the quadric cone in characteristic 2. Then in 2.2 
we consider the existence problem for normal singular surfaces with tangent 
sheaf locally free and spanned by global sections. We stress that 2.2 contains 
only very partial results: we have no example of the surfaces listed as possible 
exceptional cases in 2.2, except the quadric cone in characteristic two (and we 
tried hard to prove their non-existence). For examples of smooth surfaces S with 
TS trivial, S not an abelian surface (in positive characteristic), see [ll]. 
This paper is dedicated to Alessandra: why not? 
The author is extremely grateful to the referees for their fundamental work 
which was extremely useful and improved dramatically the mathematical con- 
tent and the presentation of this paper. 
I. THE EXAMPLES 
We use “ 1 ” to denote restriction (of a sheaf, of a morphism, . ..). For an 
homogeneous system of coordinates x0, . . . ,xk of Pk, let D, be the partial 
derivative with respect to x,. 
(1 .l) The aim of this subsection is the proof of the following result. 
THEOREM 1.1.1. Let CC P2 be an integral curve with deg(C)>2 and with 
the property that TCG Oc(1) and the natural map TC+ TP2 I C makes TC a 
subbundle of TP2 ) C, then p := char(K)>O, p divides deg(C), and, after a 
linear change of coordinates, we may assume that (1, 0,O) $ C and that in each 
monomial which occurs in the defining polynomial for C, p divides the power 
of x0. Conversely, given such a polynomial f, which is also irreducible, then 
C:= V(f) has the property that TC is a subbundle of TP2 1 C (via the natural 
map) and TC= Oc . 
By [4] an equivalent way to state the conditions of 1.1.1 is that C is a strange 
curve with strange point, P, not in C. 
Set P = P2 and set 0 = OP; for a closed subscheme Z of P2, let 1, be its ideal 
sheaf. Fix an integral curve XCP2; set d := deg(X) and let f be a degree d 
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equation of X. We assume d>2. Assume that TX= O,(l). Since TX is torsion 
free, we have an inclusion (of sheaves) i: TX+ TP2 1 X; since d>2, we 
have h’(P2, TP2(-1 -d)) =O; thus i corresponds to a non-zero section of 
H”(P2, TP2(-1)); by the Euler sequence, if we choose homogeneous coor- 
dinates x0, x1, x2, this section corresponds to (b,, bt, b2) E K3 \ { 0). Since 
c2(TP2(-1)) = 1; this section gives an exact sequence: 
(1) O-*O(l)+TP’+Z,(2)+0 
for some PE P2. Thus Coker(i) injects into O,(2) and we have: 
(2) O+ TX-+ TP2 1 X-t 0x(2). 
This means that the map j from TP2 to the normal sheaf Ox(d) factors 
through O,(2). Since j corresponds to (D,(f), D,(f), D2(f)), this means that 
there are linear forms Lj and a degree d- 2 polynomial (Y such that D;(f) = Lja 
for every i = 0, 1,2. By Euler’s theorem, (xoLo +x, L, + x2L2)a = deg(f)f. Since 
f is irreducible, p divides deg(f), say d=pk with k integer. The definition of 
bj and the fact that the map TX + 0x(2) induced by (2) is 0, means that 
1 biLi=O. Hence the L;‘s are linearly dependent; up to a change of coor- 
dinates, we may assume Lo = 0. Thus every monomial a appearing (with non- 
zero coefficient) in f contains x0 with an exponent divisible by p; since d = kp, 
if the exponent of x1 in a is divisible by p, the same occurs for the exponent 
of x2 and a=b” for some monomial b. Thus there are forms h and b such 
that: 
(3) f = ( c &O>X,,X2) “.x;-‘x;)hP+bP 
o<r<p 
(i.e. f is of the form considered in 1.1.1). 
Viceversa, if f is given by (3) (i.e. it is of the form considered in 1.1. l), we 
have D;(f)=L,a with L,=O, L,=x,, L2= -x, and a=( Clcfcp_, ~,(x,,x,,x~)~. 
xfm’-‘xip’)hP. Fix X := {f=O} with f given by (3), with the coefficient a,‘~ 
not too special (e.g. general ones, but a, = 1, a;=0 for i> 1 is an admissible 
choice); the last map in (2) is surjective if and only if P := (l,O, 0) $X, or 
equivalently if and only if 6( 1, 0,O) # 0. If this condition is satisfied, TX is a sub- 
bundle of TP2 1 X. If this condition is not satisfied, X is singular at P (with 
multiplicity divisible by p), and TX has many sections, but (for instance for 
degree reasons) it is not a degree d subbundle of TP2 ) X. The proof of 1.1.1 
is over. 
(1.2) It is very easy to construct many other examples of integral curves 
CCP2 satisfying the assumptions of 1.1.1 except that the condition “TC= O,( I)” 
is replaced by the condition “TCzOc(u) for some integer u with u>(3-deg(C)“. 
By the adjunction formula, the condition “U > (3 - deg(C))” means that for 
any smooth plane curve Y with deg(Y) = deg(C), TC is “more positive” than 
TY. More precisely, in this subsection we will prove the following result. 
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PROPOSITION 1.2.1. Assume char(K)=p>O. Fix integers t,k, with O<t<k. 
Then there is an integral curve CC P2 with deg(C) = kp, TCr O&3 - tp) and 
such that the natural inclusion of TC into TP2 1 C makes TC a subbundle of 
TP2 1 C. 
Indeed we will give an explicit recipe (see eq. (4)) to construct the equations 
of the examples whose existence is claimed in 1.2.1. Fix polynomials h, b, q, 
with deg(h) = k - t, deg(b) = k, deg(q) = tp. Set 
(4) j-=qhP+bP 
For a general choice of h, b and q, the polynomial f is irreducible. Set 
C := V(f). Assume that the partial derivatives Q,(q), D,(q) and D2(q) do not 
vanish simultaneously on X. Note that D;(f) =(Di(q))hp. As in 1.1 the mor- 
phism TP+ O,(kp) factors through O,(tp). By the assumption on D;(q) the 
morphism (TP / C) -+ O,(tp) is surjective, proving 1.2.1. 
(1.3) Here we consider the higher dimensional examples (with char(K) = 2). 
Here we assume char(K) = 2. In this case we will prove that the hypersurfaces, 
X, of Pm considered in [3] (for m odd) have TX ample and generated by its 
global sections. Fix an odd integer mr3. Here P will denote Pm. Set k= 
(m + 1)/2; call yj, z;, 1 I is k the homogeneous coordinates of Pm. Fix an even 
integer d> 2. Choose any homogeneous forms h, b with deg(b) = d/2, deg(h) = 
deg(b) - 1, and set: 
(5) f = ( i _YiZ;)h2+ b2. 
I=1 
Set X := {f = 0). It is easy to check that for general h, b, f is irreducible. As in 
(1.1) (or [2], 0 1) we see that we have an exact sequence: 
(6) O+ TX+ TPm 1 X+0,(2)+0. 
Now we will check that TX is generated by global sections. By construction the 
surjective map in (6) is the restriction of a surjective map U: TPm + O,(2). Set 
N := Ker(u). N is a very classical object: a null-correlation bundle. Let w: 
(m + 1)0,(l) + TPm be the surjection given by the Euler sequence, set u := u 0 w: 
(n + 1)0,(l) --f O,(2); from the explicit form of u it is easy to check that N is 
spanned by its global sections. Thus TX= N 1 X is spanned, too. Now we will 
see when TX is ample (and in particular we will see that TX is ample if X con- 
tains no line). We want to point out that, for fixed m, if d is big enough we 
may find h and b such that if f is given by (5), {f = O> contains no line. Since 
TX is spanned, by [8], prop. 2.1, it is ample if and only if for every curve CC X, 
(TX) 1 C (i.e. N 1 C) has no quotient line bundle of degree I 0. Drop any 
reference to X and fix any curve CC P” such that N I C has such a quotient 
line bundle M; let A be the subbundle of N 1 C with (N 1 C)/A =M. Set 
B := (w 1 C)-‘(A). By construction B(-1) is a subbundle of degree 2 0 of a 
trivial bundle. This implies B(-1) trivial. Hence B is a direct factor of 
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(m + 1)0,(l). Thus, checking the first Chern classes, we see that u 1 C induces 
the following exact sequence: 
(7) 0+(m-1)0,(1)@0c’(m+1)0,(1)+0,(2)+0. 
By the explicit form of w 1 C, we see that (7) (tensorized with 0,(-l), if you 
prefer) means that C is contained in the intersection of m - 1 linearly indepen- 
dent hyperplanes. Thus C is a line, as wanted. Thus TX is ample if X contains 
no line. But this is not a necessary condition, as we will now see. Given two 
null-correlation bundles N, N’, there is gEAut(P) with N’=g*(N). Fix a 
null-correlation bundle, N (i.e. fix homogeneous coordinates yi,z;). For a 
general line RCP”‘, N 1 R has splitting type (1, . . . , 1); note that N is spanned 
and not uniform (since it does not split, use [6], th. 2.2); thus for any line R’, 
N 1 R’ has splitting either (1, . . . . 1) or (2,1, . . . , 1,O); the second case occurs for 
some R’; R’ is called a jumping line if N 1 R’ has splitting type (2,1, . . . , 1,O). If 
we change X, we may change N, but if the equation f of X is given by (5), the 
null-correlation bundle N associated to X does not depend on the choice of h 
and 6. Thus if d is big (with respect to m) we may find h and b such that the 
corresponding hypersurface X contains a line (or more lines), but no jumping 
line of N. For such X, TX is ample by the discussion just made. 
2. NORMAL SURFACES 
In this section we prove the following results. 
THEOREM 2.1. Let S be a normal ample surface, S singular. Then char(K) = 2 
and S is a quadric cone. Viceversa, if char(K) = 2, the quadric cone QC P3 is 
an ample variety with TQ= OQ(l) 0 OQ(l). 
PROPOSITION 2.2. Let S be a normal projective surface, S singular, with TS 
locally free and spanned by its global sections. Let f : X + S be the relatively 
minimal desingularization of S. 
(A) If TS is not trivial, then O< char(K) 17, X is rational, Kx220, Kx, is 
spanned by its global sections, and S has only rational double points as 
singularities. 
(B) If TS is trivial, then one of the following alternatives holds: 
(Bl) S has only rational double points, X is a minimal K3 surface and 
O<char(K)< 19. 
(B2) S has only rational double points, char(K) = 2, and X is a minimal non- 
classical Enriques surface. 
(B3) S has exactly one elliptic singularity (plus perhaps any number of ra- 
tional double points), X is a rational surface with Kxz < 0 and h’(X, Kx,) = 1. 
We were unable to find any example of surface as in 2.2 (except the quadric 
cone when char(K) = 2). We suspect strongly that they do not exist (and we con- 
jecture it when char(K)>3). 
For the proof of 2.1 and 2.2 we will fix the following notations. S is a normal 
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singular projective surface (over K) and let f: X+ S its relatively minimal de- 
singularization. We assume TS locally free. Set T := Sing(S) and Ll:=f-‘(T) 
(with the reduced structure): since S is not smooth, we have D#0. Fix an 
embedding of S in a projective space and let H be a general hyperplane section 
of S for this embedding; set E := n-l(H); since T fl H = 0, we have E = H and 
this isomorphism induces an isomorphism of TX 1 E and TS 1 H. In the proof 
of 2.1 and 2.2 we will use the following lemmas (in which we use the notations 
just introduced). 
LEMMA 2.3. S is Gorenstein and us*= det(TS). 
PROOF OF 2.3. Since S is Cohen-Macaulay and aSiT extends to a line bundle 
det(TS)* over S, S is Gorenstein. By construction we have e+=det(TS). 0 
LEMMA 2.4. We have f *(ws) = ox @ O,(A) with A non-negative divisor. 
Furthermore A is empty if and only if S has only rational singularities. 
PROOF OF 2.4. This is [15], lemma 2. The proof given there works in ar- 
bitrary characteristic without any change. 0 
The easy proof of the next lemma is left to the reader. 
LEMMA 2.5. Let X be a projective variety, and let E be a globally generated 
vector bundle on X whose determinant is trivial. Then E is trivial. 
PROOF OF 2.1. Now we assume the ampleness of TS. The proof is divided into 
7 steps; the last step is due to the referee, whose proof is much shorter than my 
original one. 
(i) The determinant of very ample vector bundle is ample ([9], 2.6). Thus 
h”(E,det(TX)k 1 E)=h”(H,det(TS)k 1 H)=O for every k<O. Hence lnKxl =0 
for every n>O, i.e. X is birationally a ruled surface. Since X is not P2, we 
have a morphism U: X+ C, C smooth curve of genus g := h’(O,), and the 
general fiber of u is a smooth, rational curve. Set t := u 1 E. There is a non-zero 
morphism TX ) E-+ t*(TC). By the ampleness of TX I E, we get g=O, i.e. C 
and X are rational. 
(ii) Now we will check that h2(S, Os)=O. By the duality for locally 
Cohen-Macaulay varieties, h2(S, 0,) = h’(S, us). It is sufficient to check that 
h”(S\T,us,T)=O. Since o~\~=O&,, it is sufficient to note that, for all such 
hyperplane sections H, TS j H is ample. 
(iii) Now we will show that S has only rational double points as singularities. 
Look at the five term exact sequence coming from the Leray spectral sequence 
off, and Ox: 
(8) 0~H’(S,0s)+H1(X,0x)+Ho(S,R1f,(Ox))+H2(S,0s). 
By the rationality of X and the vanishing of the last term in (8), we get that S 
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has only rational singularities. Since S is Gorenstein, it has only rational double 
points as singularities ([2], 5.3). 
(iv) In [16] it was proved that in characteristic zero if A is the local ring of 
a hypersurface singularity, and its derivation module T(A) is free, then A is 
regular. Hence if char(K) = 0, TS cannot be locally free. 
(v) Now we will show that X= F2, S is a quadric cone and char(K) = 2. By 
2.3, 2.4, step (iii) and the ampleness of TS, ox* is the pull-back of an ample 
line bundle, det(TS), on S. First we will show that X contains no exceptional 
curve. Assume by contradiction the existence of a smooth rational curve Y with 
Ye K,= -1. Since f: X-t S is a relatively minimal desingularization, f 1 Y is 
finite. Thus ([9], 4.3)f*(TS) 1 Y is an ample vector bundle on Y. Hence, by 2.3 
and 2.4, we have -K,. Y= deg((f*(TS) 1 Y)) 2 2, contradiction. Hence X is 
minimal (and not P2), i.e. X=F, (Hirzebruch surface) for some er0, ef 1. 
Hence f contracts exactly the section, h, of u with minimal self-intersection. 
Since S has at least one double point, we have e = 2. Hence S is the quadric cone 
QcP3. In [14] E. Platte proved that if A is the local ring of a quotient 
singularity, in any characteristic, and if the finite group has order prime to the 
characteristic of the ground field, then T(A) is not free. In our situation the 
group is Z/22, so it follows that the tangent bundle TQ of the quadric cone 
is not locally free if char(K) # 2. 
(vi) Lipman ([lo], $7, example (b)) has shown that if char(K) =p>O, then 
the ring K[x,y,z]/(xy-zP) has a free derivation module, i.e. a free tangent 
sheaf. Takingp=2, we see that the quadric cone Q=Proj(K[x,y,z, w]/(xy-z2)) 
has a locally free tangent sheaf TQ. 
(vii) (Proof due to the referee.) We assume that char(R) = 2 and that S is a 
quadric cone QcP3. By step (v) TQ is locally free. Consider the restriction to 
Q of the Euler’s sequence of TP3 and the tangent sheaf/normal sheaf se- 
quence of Q in P3: 
(9) O+OQ(-1)+0f4--’ TP’(-1) 1 Q-O 
(10) O+ TQ(-l)+ TP3(-1) 1 Q-Op(-1). 
Call a the surjection in (9) and /3 the last map in (10). If f(x, y, z, w) :=xy+ z2 
is the equation of Q, the composition pocw is given by the 4 partial derivatives 
Dx,Dy,Dz,Dw off. Set Z :=Qn{x=y=O>. Since D,=D,=O, Boa has image 
Zz(l), i.e. we obtain the exact sequence 
(II) 0-t TQ(-I)+ TP3(-1) 1 Q-Zo(-1). 
Hence we obtain a commutative diagram with exact rows and columns, with 
the following rows and columns. The first row is (9), while the second one is 
a Koszul resolution of Z,(l), i.e.: 
The first column is the identity OQ(-1) -+ OQ(-1). The second column is: 
(12) 0+0~4+0~4+0~2+0. 
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The surjection in (12) is the projection on the summands corresponding to 0, 
and D,,. The last column is (11). This diagram induces (as very first row) a 
morphism y: 0z2 --t TQ(-1). The snake lemma implies that y is an isomor- 
phism. 0 
PROOF OF 2.2. (a) Here we prove that h2(S, 0,) I 1 and that if h2(S, 0,) = 1, 
then TS= 20s. Let H be a very ample divisor which defines a smooth curve on 
S. Then ws(--H) is ample, so H”(os(-H)) =O. Hence h”(ws)<ho(ws 1 H), 
which is I 1 since (as 1 If-’ is globally generated. Assume h’(os) = 1; then TS 
is trivial by 2.5 and 2.3. 
(b) Assume HC Sreg , hence E:= f -l(H)=.. Since deg(w, ) E)<O, we see 
that X has Kodaira dimension K(X) E { - 1, O}. 
(c) Assume K(X)= 0 and that X is not minimal. Since X is a relatively 
minimal desingularization of S, there is an exceptional curve TcX with 
dim(f(T)) = 1. Thus E fl r# 0. By the assumption on TS, we have E- K,I 0. 
By (an elementary part of) the classification of surfaces ([13]) and the formula 
for the canonical line bundle on a blown-up smooth surface, K, is numerically 
equivalent to a positive divisor with support a union of smooth rational curves 
and containing r. Hence E. K,>O, contradiction. 
(d) Assume that X is a minimal surface with Kodaira dimension 0. Since the 
intersection form on D is negative definite and K, is numerically trivial, 
pa(Z)<0 for every cycle supported on D. Thus S has rational singularities. By 
the proof of step (a), if TS is not trivial, then deg(ox 1 E)<O, contradiction. 
Since S has rational singularities and ws is trivial, K, is trivial by 2.4. By the 
classification of surfaces ([S], th. 5 and prop. on p. 26) (and the fact that D#0, 
i.e. that X contains a smooth rational curve), either X is a K3 surface or 
char(K) = 2 and X in a non-classical Enriques surface. 
(d) Viceversa, assume TS trivial and that S has only rational singularities. By 
2.3 and 2.4 K, is trivial. Hence X is a minimal surface with K(X) = 0, i.e. the 
assumptions in the previous step are satisfied. 
(e) Now we assume that X has Kodaira dimension - 1; as in the proof of 2.1, 
we assume that X is not rational and we will find a contradiction. Let I: X+ C 
be the Albanese fibration. Since there is a non-zero map (TX) 1 E -+ t*(TC), we 
get that C has genus 11. Hence C has genus 1. Since the map TX+ t *(TC) G 
Ox, is generically surjective and S has only isolated singularities, we see that 
the map TX 1 E + t*(TC) 1 E= 0, is surjective. Hence TX 1 E has a trivial fac- 
tor. Hence the restriction of t to E is Ctale (alternatively: the tangent bundle - 
normal bundle sequence of EcX and the trivial factor of TX I E given that TE 
is spanned). Thus p,(E) = 1, while for sufficiently positive embeddings of S, 
we may assume p,(E) > 1. 
(f) Now assume TS trivial and that S has at least a non-rational singularity. 
By 2.4 K(X) = - 1. By step (e) X is rational. By eq. (8) h”(S, R’f,(O,)) = 1, i.e. 
(by definition) S has exactly one non-rational singularity and this singularity is 
elliptic. We have Kxz<O because K, * is a non-trivial sum of effective divisors 
supported on D (2.4) and the intersection form on D is definite negative. 
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(g) Now assume TS not trivial and X with only rational singularities. By 2.5, 
2.3 and 2.4, we have K(X)= -1, hence X is rational. By 2.3 and 2.4 K,, is 
spanned by its global sections. Hence K,zrO. 
(h) By the equations and lists in [l] we know that, if char(K)? 11, every ra- 
tional double point whose exceptional cycle (in X) contains at most 21 (resp. 
7) irreducible components is a quotient singularity by a group with order not 
divisible by any prime 2 23 (resp. 2 11). Note that rank(Pic(X)) I 22 if X is a 
minimal K3 surface (e.g. because I&(X) = 22), while rank(Pic(X)) 5 9 if X is a 
rational surface with K,zr 0; in the latter case note also that if X is not 
minimal, it contains an exceptional curve, Y, not contracted by f and at least 
an ample divisor numerically independent from the spans of Y and the divisors 
contracted by f. Thus by the quoted result of E. Platte ([14]) we obtain the 
restrictions on char(K) in part (A) and part (Bl) of 2.2. 0 
We want to point out that by [7], Corollary, in characteristic 0 the Zariski- 
Lipman conjecture was essentially reduced to the case of a normal surface. This 
explains why we bothered with the 2-dimensional case (although of course the 
proofs here rely heavily on the classification of surfaces, hence give no informa- 
tion for the higher dimensional case). 
Here we want to explain why (with the notations of the proofs of 2.1 and 2.2) 
we failed to use more effectively any comparison between TX andf*(T). The 
problem (for the author) was that the natural isomorphism r: TX 1 (X\D)+ 
f*(TS) 1 (X \o) seems to fail to extend to a morphism TX-tf*(TS) on all X 
(and even an extension of r-’ would be sufficient). The trouble for the exten- 
sion of r seems to come from the fact that taking pull-backs f * (i.e. tensoriza- 
tion) and making duals do not commute in general (and Q, is not locally free); 
this is a warning for a naive reader, since at the very beginning it was for us 
a source of errors. The referee suggested that in principle the relation between 
TS and f*(TX) given by Grothiendieck duality for f and the classification of 
rational double points ([l]) may help and make things more explicit in this case. 
Now we will check that if char(K) = 2 and S is a quadric cone, then the map 
r does not extend to X := F2. Assume there is such an extension, r’. Since TX 
and f *(TS) are locally free of the same rank, r’ drops rank exactly at the points 
of X on which its determinant det(r’): det(TX) + det(f *(TS)) vanishes. Since 
r’ 1 (x \D)= ‘s r I an isomorphism, r’ is not identically zero. Since det(TX)s 
det(f *(TS)) (this is true in general by 2.3 and 2.4, but in this case easy to check 
independently), r’ is an isomorphism. Thus TXzf *(TS). Hence, if h CX is the 
divisor contracted by f, TX 1 h is trivial. Since hzP’, the normal bundle se- 
quence of h in X gives a contradiction. 
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